We consider a discontinuous Galerkin finite element method for the advectionreaction equation in two space-dimensions. For polynomial approximation spaces of degree greater than or equal to two on triangles we propose a method where stability is obtained by a penalization of only the upper portion of the polynomial spectrum of the jump of the solution over element edges. We prove stability in the standard h-weighted graphnorm and obtain optimal order error estimates with respect to mesh-size.
Introduction
The discontinuous Galerkin method (DG) for hyperbolic equations was introduced by Reed and Hill [21] . The method was then analysed in the framework of Friedrichs systems by Lesaint and Raviart [20] . A sharpened analysis was provided by Johnson and Pitkäranta [19] . During the nineties the discontinuous Galerkin method experienced a further development in the work by Cockburn and Shu where numerical schemes for hyperbolic problems were proposed by combining discontinuous Galerkin type approximation in space with Runge-Kutta type time stepping strategies [9] [10] [11] . A DG-method using high order approximation spaces was analysed by Houston, Schwab and Süli in [17] . In particular they proved quasioptimal hp-error estimates for hyperbolic problems. More recently the case of Friedrichs systems was revisited in the thesis of Jensen [18] and by Ern and Guermond [14] . In all the above works the basic strategy is the same: consider a polynomial approximation on each
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E. Burman ( ) · B. Stamm Institute of Analysis and Scientific Computing, Swiss Institute of Technology, Lausanne, 1015, Switzerland e-mail: erik.burman@epfl.ch B. Stamm e-mail: benjamin.stamm@epfl.ch element and impose continuity weakly by adding a penalization term on the jump of the solution over interelement boundaries or equivalently choosing a numerical flux that has a dissipative property. The penalization can take the form of a so called upwind flux which corresponds to weak imposition of continuity on the inflow boundary or, as was pointed out by Brezzi and coworkers in [2], can be written as one term on the faces that assures positivity of the convective term and another term which is a pure penalization of the solution jumps. For a certain choice of the stabilization parameter in the latter case the two stabilizations coincide. An overview of different stabilization mechanisms in DG methods was recently proposed by Brezzi and coworkers in [3] .
In parallel to the development of DG-methods for hyperbolic equations a method using continuous approximation but stabilizing the jump of the gradient over element edges has been proposed by Burman and Hansbo in [6] drawing on earlier ideas of Douglas and Dupont [12] . This interior penalty method using continuous approximation spaces was then generalized by Burman to the case of non-conforming approximation spaces in [4] and to the hp-framework by Burman and Ern in [5] .
In the recent paper [7] we studied theoretically and numerically what type of interior penalty stabilization is needed to obtain a stable, optimally converging scheme in the case of continuous or discontinuous approximation. Rather surprisingly we found that for a DG method using piecewise quadratic polynomials it was sufficient to stabilize the jump in the tangential derivative of the solution only. An optimal order a priori error estimate was proved and it was shown that for this method the local mass conservation is independent of the stabilization parameter of the numerical scheme, which is in general not the case for DGmethods.
In this paper we extend these ideas to the case of general polynomial order. In particular we prove that on triangular conforming meshes only the highest polynomial orders of the solution jumps need to be penalized. This can be considered as applying a high pass filter to the solution jumps before penalization or more precisely, projecting the jump onto the subspace consisting of the highest modes. Hence low order modes (approximately the lowest third of the polynomial spectrum) are not directly affected by the penalization term. This property leads to local mass conservation independent of the stabilization parameter. This is in general not true for DG-methods and when it does hold it often comes with decreased accuracy. Here we show both theoretically and numerically that our method leads to local mass conservation independently of the stabilization parameter without loss of accuracy. Shifting the numerical dissipation to higher order polynomial modes can be seen as a realization in the DG-framework of a spectral viscosity type of stabilization: low order modes will propagate without any explicit dissipation. For a discussion of minimal stabilization procedures in the framework of continuous approximation spaces see [1] and [4] .
The main idea behind the proof is to construct a projection operator with orthogonality properties both on the elements and on the element faces. In this paper we restrict the analysis to the case of a linear scalar hyperbolic problem in two space dimensions to keep down redundant technical detail, however the same analysis is expected to carry over in a straightforward manner to more general first order systems such as symmetric Friedrichs systems in the framework proposed in [14] , the wave equation or Maxwell's equations.
An outline of the paper is as follows: In the next section we first introduce the model problem and define our notation, then we give a series of technical results concerning the projection operator used in the stability analysis. In Sect. 3 we propose a discontinuous Galerkin method based on stabilization of the projected jumps and give some elementary lemmas. The proposed method is then analysed in Sect. 4, where the main result is a discrete inf-sup condition showing that we may recover a priori control of the whole solution jump in
